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I. INTRODUCTION 

Large magnetic fields are present in a variety of astrophysical sites like supernovae, neutron stars and white dwarfs, 
^ and even larger fields can arise in supernovae explosions or coalescing neutron stars. The remnants of such astrophysical 
. cataclysms are called magnetars, young neutron stars with magnetic fields 10^"* — 10^® G [H-Q- It has been argued 
CIh' that during the electroweak phase transition local magnetic fields much stronger than those of a magnetar could 
yi^ . have existed, with field strength as high as 10^^ — 10^'' G j4j-£,]. In many of these situations the thermal and density 
^ ' effects of the medium are very important and must be considered, and many of the thermodynamical quantities 
] that characterize the medium, like free energy, thermodynamical partition function and effective potential are closely 
related to the effective action and effective lagrangian. 

The work of Heisenberg and Euler [7] , who calculated the one-loop vacuum effective lagrangian for spinor QED in a 
>^ r uniform electromagnetic background field, and that of Weisskopf [1], who calculated the analogous quantity for scalar 
[~»^ QED, were published many years ago and are the first examples of what we now call low energy effective field theory. 
\^ These pioneering papers lead to a number of important physical insights and a ppl ications: light-light scattering in 
' QED [9|, pair production from vacuum in the presence of an electric field |10l4l2| and vacuum birefringence [l3| . 
\ among others. The one-loop QED effective lagrangian at finite teniperature and density has been investigated in 
\^ • magnetic field background 3- 13| j in electric field background [3, [3] , in general background fields f20', '2l'| , and 



\ is very relevant and closely related to many physical phenomena such as, for example, the Casimir effect. In the 
. former the time component of the momentum four vector, over which we integrate, takes on only discrete values for a 
fixed temperature, while in the latter an analogous substitution takes place in a space component of the momentum 
vector for a fixed distance between the plates. Recently there has been much interest ,22-24] in studying the finite 
temperature Casimir effect in higher dimensional space-time models with compactified extra dimensions, like the 
rS Randall-Sundrum models [Hii]. 

A literature search reveals that the effective lagrangian in a background magnetic field at finite temperature and 
density has been studied within the framework of QED [lol - [T2l . [isj , or within the framework of the electroweak model 
but prior to the breaking of the electroweak symmetry, when the magnetic fields that are present belong to the U{1) 
group of hypercharge and hence are called hypermagnetic fields |27H29l |. The finite temperature and density QED 
effective lagrangian for the complete electroweak model after symmetry breaking, however, has never been obtained. 
When magnetic fields are much larger than = rn^/e ~ 4.414 x 10^^ G, where rUf, and — e are the electron mass and 
charge respectively, the full electroweak model must be used, since electroweak magnetism [sO] becomes important. 
In this paper, using Schwinger's proper time method I calculate the effective electromagnetic lagrangian of the 
complete electroweak model for a thermal environment treated exactly in the external constant magnetic field and in 
the weak coupling limit, i.e. with no virtual photons present. 

In Section |TT] the notation for the fermion, gauge boson and scalar thermal propagators in a constant magnetic field 
background is presented. In Section IIIII the finite temperature and density effective electromagnetic lagrangian for 
the complete electroweak model is obtained. An extended discussion of several implications of my results is presented 
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in Section IIVI In the Appendix I evaluate the next to leading order correction to the Heisenberg-Euler effective 
lagrangian and to the Weisskopf effective lagrangian of scalar QED in the case of strong magnetic field. 



II. VACUUM AND THERMAL PROPAGATORS IN A CONSTANT MAGNETIC FIELD 

The metric used in this paper is g'^'^ = diag(+l, —1, —1, —1) and the z-axis points in the direction of the constant 
magnetic field B. Therefore the electromagnetic field strength tensor F^'^ has only two nonvanishing components 

p21 ^ _pl2 ^ Q 

I start by recalling the expressions for the charged lepton Sq{x\ x" ) fi3 mi , boson GJ^ (x' , x" ) and scalar vacuum 
propagators Do{x',x") S2] in a constant magnetic field. These propagators are written in the Feynman gauge and 
derived using Schwinger's proper time method: 



Soix',x") = n{x',x") I A±_e-^H^'-^")s,ik) , 



(1) 



G^,''ix',x") = n{x',x") I ^e-*(-'-")Gr(A:) 



(2) 



Do{x',x") = n{x',x") J A^e-*(-'--")7^o(fc) 



(3) 



The translationally invariant parts of the propagators are 



^o(fc) 



ds 



cos eBs 



exp 



is \ m — fcii — fc I 



tan eBs 

- eBs 



(m+ /(f||)e' 



COS eBs 



(4) 



COS eBs 



exp 



-is K-r -ki-k' 



taneSs 
eBs 



(5) 



Do(k) 



ds 



cos eBs 



exp 



is Ar - ki 



tan eBs 
eBs 



(6) 



where — e and m are the charge and mass of the charged lepton, M is the T4^-mass, and the —it prescription for the 
propagators is essential for the convergence of the s integrals. It is convenient to use the notation 



,1^ - 



(a",0,0,a^), a'[ = (0, a\ 0) 



(7) 



and 



for arbitrary four- vectors a and b. Using this notation I write the metric tensor as 



ff = 9« +fJ± 



(8) 
(9) 



The 4x4 matrix (73 that appears in the charged lepton propagator ([4]), is given by 



= ^b^,l^] 



(10) 



When writing the W propagator ([S]), I use the notation 



^g2eFs^A^- = -g^^^ COS {2eBs) + — sin (2eBs) . 



(11) 
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I choose the electromagnetic vector potential to be 
Equations ([T][3]) is given by (31|] 



^Fa^x^ and therefore the phase factor which appears in 



f](x',x")=exp 



(12) 



Notice that, as B — > 0, the phase factor 57-^-1 and the translationally invariant part of the propagators take the 
standard form found in many quantum field theory textbooks 



5o(fc) 



ft + m 



fc2 — 



, Gr(fc)-> 



Doik) 



B - AP 



(13) 



At finite temperature and density we need to replace the vacuum propagators in Equations - HI) with thermal 
propagators. The real-time thermal propagators S{x',x"), G^'^ {x' ,x") and D{x',x") are easily constructed starting 
from the proper-time form of the vacuum propagators 



S{x',x") = n{x',x") J ^e-'=-(-'--")5(fc) , 



(14) 



G>'''{x',x") = nix',x") 



_(£k_ 



,-ik-(x' ~x") Quiy ^1^-^ 



(15) 



D{x',x") — fl{x\x") 



e-iH^'-^"')D{k) 



(16) 



where S{k), G^'^{k) and D{k) are defined in terms of the translationally invariant parts of the vacuum propagators, 
So{k), Gq'^ (k) and _Do(fc), and of the fermion and boson occupation numbers fpik'^) and fsik^) 



S{k) = 5o(fc) - /i.(A:°) S'o(fc) + S*^{k) , 



(17) 



G^'-'ik) = G^^ik) + /s(fc") G^^ik) + G^o"*ik) 



(18) 



A(fc) = Ao(A:) + /B(fcO) Ao(fc) -I- A*ik) 



(19) 



Notice that in Equations (|17m9l) the pieces proportional to the occupation numbers represent the thermal parts of 
the propagators. The fermion occupation number at temperature T and chemical potential fi is defined as 



/^^(fcO) = /+(fcXfc°) + (fcX-fc") 



with 



and the boson occupation number fsik^) is defined as 

/B(fc") = 



1 



1 

e/3|fe"l - 1 



(20) 



(21) 



(22) 



with P = T~^. These thermal propagators cannot be used naively for perturbative expansions. The reason is that 
there is a delta function hidden in the thermal part of the propagators, and the overlap of delta functions with 
coinciding arguments on several internal legs leads to expressions that are not well defined. This problem is solved 
in the real-time formalism of finite temperature field theory by doubling the field degrees of freedom and introducing 
thermal "ghost" fields. Of course only the "physical" fields occur on external lines of the Green's functions. Each 
field and its thermal "ghost" are therefore grouped into thermal doublets, and the thermal propagators become 2x2 
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matrices with ofF-diagonal elements. I will indicate the matrix propagators with a tilde, and below I write the matrix 
form of the translationally invariant part of the fermion thermal propagator 

^(fc) = t/F(fc")(^^°^'=) _^?(^))c/J(fc°) , (23) 

where 

^w^")=("::;;^o;';r/,(i»?) ■ 

and 

sin^;^(fc'') = - 0(-fcO)^/^(-fcO) , (25) 

cos^;^(fc°) = e{k'>)^i- f+iko) - ei-k")^i - fpi-k^) . (26) 

Here, Up{k^) is the transpose of Upik^)- The S'(fc)ii component is, of course, the same as the propagator in Equation 
(I17p and the other components are only used in higher loop calculations. The matrix forms of the translationally 
invariant part of the charged vector and scalar field thermal propagators are 

G^-(fc) = [/^(fcO)(^^™ ^^J!^^^)[/B(fc°) , (27) 



b{k)^UB{k')l^^f\?^^^^^UB{k'') , (28) 



with 



The G'^'^{k)ii and D{k)ii components are the same as the propagators in Equations (|T8l) and ([T9)) and the other 
components are only needed in higher loop calculations. 



III. FINITE TEMPERATURE AND DENSITY EFFECTIVE ELECTROMAGNETIC LAGRANGIAN 



In vacuum the effective EM action Sef / of the electroweak model at the one- loop level can be written as 

S.,, = Jd^.C.,,, (30) 
and the effective EM lagrangian L^f / is given by 

r,^.^. = /:(o) + £(i), (31) 

where the tree level part in the case of a constant magnetic field is the classical lagrangian density 

£(0) = (32) 

and is the one-loop quantum correction. In the Feynman gauge, all the charged fields of the electroweak model 
contribute to the one-loop effective lagrangian 

£(1) + + (33) 

/ 
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where £/, Cg, Cw indicate the contributions of fermion, scalar and W-fields respectively, and we need to sum over 
the quarks and charged leptons and over the non-physical charged scalars. In a medium at finite temperature and 
density, we still use Equation (p3|) to calculate but the contributions of the various fields are evaluated using 

thermal propagators instead of vacuum propagators, and we find that ^C^^^ is the sum of a vacuum part and a 
thermal part 



(34) 



The same is true for Cf = C'j + Cj , for Cw and for Cg and, clearly, £° = ^fCj + C^, + X^s '^s = 

Cf was calculated in Refs. [isj using the solutions to the Dirac equation in a uniform magnetic field to 

construct the fermion thermal propagator. In this paper I calculate Cf using the thermal propagator of Equation 
(fT4|) . which is constructed using the Schwinger proper time method, and use the following identity [13, [iBl to evaluate 
the contribution to the effective lagrangian of a charged lepton field whose thermal propagator is S{x' ,x") 



dCf_ 
dm 



Tr S{x, x) , 



(35) 



where the trace is over spinor indices. The generalization to quarks is straightforward. After taking the spinor trace, 
I find 



dm 



4m 



(2^ 



ds £{m) 



(36) 



and 



dC^ 

dm 



— —Am 



/F(fc°) / ds [£{m)+£*{m)] 



(37) 



where I introduce the notation 



£(m) = exp 



-IS m 



ki 



tan e_Bs 
eBs 



(38) 



After the straightforward integration over the four variables fc'* and a rotation of the s contour to the negative 
imaginary axis, I obtain immediately the derivative of the vacuum part 



dC^ 
dm 



m 



' ds 



eBs coth(eJ5s) , 



(39) 



and find 



1 

'8^ 



'ds 



eBs coth{eBs) — 1 



(eBs)' 



(40) 



which has been renormalized by adding a second order polynomial in eB and reproduces the old result by Schwinger 
[lo| . This charge and wave function renormalization procedure leaves eB invariant and produces a contribution of 
l^to the QED /3 function from our fermion field. 
In order to obtain the thermal part >CT, I start by integrating over the three fc* variables to find 



d_cl 

dm 



27r5/2 



+00 



dk"fF{k°)Re / dslf{s), 
Jo 



(41) 



where 



1/(5) 



(ls)3/2 



eBs cot{eBs) . 



(42) 



Next I need to rotate the s integration contour to the positive imaginary axis, and must be careful with its convergence 
and analytic structure. After the contour rotation, I find only contribution from > m, as expected, and, since 
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the rotated contour crossed the poles of X(s), I need to include a sum over the residues ofXf{s) at its poles s 
(for n > 1) 



2TTi Res 



^ 2 



/neB 



1/2 



exp 



(43) 



I obtain the following s-integral and sum over the real parts of the residues of I(s) 



94 
dm 



27r5/2 



+ 00 



/ 47^e-"('=o-'"')eSscoth(eBs) 
Jo s ' 



00 / „s 1/2 



(44) 



and find the fermion contribution to the effective Lagrangian 



1 



47r5/2 



+00 



3/2 



n=l ^ / 



(45) 



which agrees with the result obtained by a different method in Refs. p^^lTsj. Using the form of £j given in Equation 
()45|) . it is shown in Ref. [3] that a fermion-antifermion plasma in a magnetic field exhibits de Haas- van Alphen 
oscillations in the limit where T = 0, and eB <^ fj,^ — m? <C rn^ . The second term in Equation P5|) is responsible for 
the oscillatory behavior, and the oscillation frequency agrees with the one derived by Onsager for the de Haas-van 
Alphen effect. We can write £j in another form that seems less transparent of its physical content but clearly displays 
its connection to the partition function Zf{B,T, 11) of a relativistic fermion-antifermion gas in a magnetic field in a 
sufficiently large quantization volume V. Starting from Equation (j37|) . I integrate over the k± variables and do a 
Wick rotation of the s variable to obtain 



dm 27r3 
Next I use the following identity 



^ - ^ I d^LjF{k°)Re I dsexp -s{m^ - k^ 



ieB coth(ei3s) . 



(46) 



and do the s integration, then use 



coth(eBs) = X] X! ' 



-2eBs{7i+\~l) 



n=0 A=l 



(47) 



Re- 



X — le 



= —TrS{x) . 



(48) 



and finally integrate over to obtain 



eB 
'4^ 



00 2 

EE 

n=0 A=l 



dk 



(49) 



where 



= v/m2 + fc2 + 2eB(n + A - 1) 



(50) 



are the standard Landau energy levels for a spin-i fermion and A is the spin quantum number. £T is now obtained 



immediately with an integration by parts with respect to k 

°° 2 „oo 7,2 

47r2 



rT _ eS 



dk [/f(w„,a) + fF{~i^n,x)] 



n=OA=l-'-°° 



(51) 
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With C'^ written in this form, its connection to the partition function of a relativistic fermion-antifermion plasma 
placed in a box of volume V and in the presence of an external magnetic field B is apparent (T^ - [l6| 



J, _ \nZf{B,T, fj.) 

and so is £j connection to the free energy Ff{B,T,fi) of the fermion-antifermion plasma 

_Ff{B,T,^l) 



c 



f 



V 



(52) 



(53) 



contributes to , and we find 



The strong field limit is more easily obtained using Equation (|5ip . For eB T^, m^, /i^ only the lowest Landau level 

(54) 



eB f°° 

-^Z = / * [fpi^OA) + /f(-wo,i)] , 



where the energy of the lowest Landau level is ojq^i = \/k'^ + m?. It is shown in Ref. through a rather lengthy 
calculation, that also Equation (|45l) yields the same result. A complete analysis of £y for various large or small limits 
of the dimensionful parameters T, B, m and /x, will be done in Sec. IIVI 

The contribution of the W fields to the effective lagrangian is obtained using the following 



dL 



w 



(55) 



where G^'^ {x' ,x") is the thermal propagator of Equation (|15p . After taking the trace, the derivatives of the vacuum 
and thermal part of Cw are found to be 



9M2 



ds £{M) 



and 



dLl 



d^k 



/B(fc") / ds [£{M)+£*iM)] 



2 + 2cos(2eBs) 
cos(ei?s) 

2 + 2cos(2eBs) 



cos(ei?s) 



where £ is defined in Equation (p8| . I do the k'^ integration and a Wick rotation of the s variable to obtain 



1 



^ds 



eBs coth{eBs) cosh{eBs), 



and find the vacuum contribution of the W fields to the effective lagrangian [32 



- (2^)2 



eBscoth(eBs)cosh(eBs) - 1 - -(eBs^ 
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(56) 



(57) 



(58) 



(59) 



renormalized by adding a second order polynomial in eB. 

I now use Equation ([57]) and integrate over the fc* variables to find 



dA'P 



1 /'+00 rOO 

-j^j dkyB{k'')Re dslwis), 



where 



^w{s) = 7--^75 + cos(2eBs)] , 



{is)^P sm{eBs) 



(60) 



(61) 



Next I deform the s integration contour to the imaginary axis and cross the poles of Xwis) at s = ^ in the process. 
After including the contributions of the residues of these poles, I obtain 



1 + ;'+oo 



)e[kl-AP + {2\X\-l)eB] 



ds 

~J/2' 



,-s{kf,-M') 



-•IX'eBs 



eBs 
sinh(ei3s) 



2£(-l)" 



7re_B 



1/2 



eB 



{kt-AI^) 



(62) 
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and find 



1 ^+00 r p 

— ^ ^ (2 - |A'|) / dk^fB{k^)e[kl - + (2|A'| - l)eB] / 



X e 



A'=-l 
-2\'eBs 



°° ds 



sinh{eBs) tt^/^ 



3/2 



4 ^ Ib* 



(63) 



The W contribution to the effective electromagnetic lagrangian at finite temperature is one of the main results of this 

-W 



paper. Cj^ can be written in a different form, that is obtained using steps similar to those outlined in Equations (j46l 



-EH) 



eB 



^ ^ (2-|A'|) / dk-^[fB{Er. 



,A') + /B(-^^n,A')], (64) 

where the spin quantum number A' takes the three values 0, ±1 and the Landau energy levels for a spin-1 boson are 



En^X' = y/M'^ + k^ + {2n + 2X' + l)eB. 
Last I obtain the scalar field contribution to the effective lagrangian using the following 



9M2 



-D{x, x) , 



where D{x\ a;") is the scalar propagator. The vacuum part of Cg is [32 



1 



00 7 



eBs 



1 



sinh(ei3s) 6 



1 + -(eBs) 



renormalized by adding a second order polynomial in eB. The thermal part of the scalar field contribution is [l 

1 



(65) 



(66) 



(67) 



87r5/2 
eBs 



dk'' fB{k")e{k^ - - eB) 



sinh(ei3s) tt^/^ ^ 

^ ' n—l 



eB 



3/2 



. /TT nvr , , \ 
-(^-^^(fco^-M^)) 



and I can write it also as 



(68) 



(69) 



where En,o are the Landau energy levels of Equation ((65|) with A' = for the spin-0 scalar field. Equation (|69|) shows 
the connection of £j to the partition function Zs{B,T) and free energy Fs{B,T) of a spin-0 boson plasma placed in 
a volume V and in the presence of a constant magnetic field B 



T _ lnZ,(S,r) _ ^^,(B,r) 



(70) 



In the Feynman gauge the quantity i which is the contribution of the non-physical charged scalars to the 

finite temperature effective lagrangian jCM^ at one loop, is obtained by adding the vacuum and thermal contributions 
coming from the Goldstone (scalar boson) field of mass M, and the two ghost fields (scalar fermions of mass M). The 
contribution of each of the ghost fields is opposite to that of the Goldstone boson, and therefore I find 



^l + T.^^ - An H / dk'Mky[kl-M' + i2\X'\-l)eB] / ^< 



-2\'eBs 



eBs 



sinh(ei3s) tt^/^ 



o 00 / n \ 3/2 

2 ■^-^ , / eB \ /TT mr , 

T7I E(-irhr ^^<i-^^'o-M^) 



(71) 
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which can be equivalently written as 



„ oo +1 „ 



n=0 A' = -l • 



poo p 

dk- [fB{En,y) + fB{-En,X')] 

— oo J^n,X' 



(72) 



where the Landau energy levels En^x' are given by Equation (j65l) . The partition function Z]y{B,T) and free energy 
F\\f[B,T) of a boson plasma placed in a volume y in a constant magnetic field B is obtained immediately 



The lepton and quark fields contribution is 



\nZw{,B,T) _ FwiB,T) _ ^ ^ 



(73) 



E4 = Ei%/ dk'f,{k')e{kl-m)) / ^^e'^^^l'-'f^eqjBscoMeqjBs) 



—y 

rl/2 



71=1 



e\qf\B 



3/2 



sm 



(74) 



where m/ is the fermion mass. The summation index / runs over the charged lepton fields e, /x, r and the quark fields 
M, d, c, s,i, 6 and Nf = 1 and qf = 1 for each of the three leptons and, taking into account the quark charges and 
colors, Nf — 3 and qf = —2/3 or qf = 1/3 for the six quarks. Equation ([71)1 can also be written as 



E4 = E^/^EE r *^[/i^K,A) + 



where the Landau energy levels for a fermion are 

uJn.x = ^mj + k^ + 2e\qf\B{n + A - 1) 
The fermionic contribution to the vacuum part of C^^^ is Q 



f f 

and the W and scalar contribution is [3' 



87r2 7o s 



eqf 



Bscoth{eqfBs) - 1 - ^^^i^ 

3 



21 



smh[eBs) 2 



(75) 



(76) 



(77) 



(78) 



The renormalization procedure that was used to obtain J^f ^'f a-nd £^ + J^s ^'s leads to the following value of the 
QED /3 function for the electroweak theory 



37r 



2tt 



(79) 



where the summation is the contribution to from the fermions of the theory and the second term is the contri- 

bution from the W and the scalar fields. 



IV. DISCUSSION AND CONCLUSIONS 



The effective electromagnetic lagrangian at finite temperature and density C^^^ obtained in the previous section 
contains several dimensionful parameters T, B, the charged fermion and gauge boson masses and the fermion chemical 
potentials. Some of these parameters can be large or small compared to each other, and I will discuss some of these 
limits that I find most interesting. 
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First I analyze the strong field limit and investigate the case of eB ^ , which is the natural scale for the magnetic 
field strength required to significantly influence quantum processes. Magnetic fields of this magnitude are present in 
many astrophysical sites, and fields as large as = m1/e or larger can arise in magnetars, among others. In the 
literature l3, 15 1 the thermal and density corrections to the effective lagrangian have been neglected when compared 
to for / = e which, in the strong field limit and to leading order is 



i^,Je_B 
247r2 



(80) 



However a more accurate calculation of C'j presented in the Appendix, where the next to leading order term is derived, 
shows that 



{eB 



i2 r 



247r2 



In 



/ eB 
\6ml 



(81) 



and therefore vCg ~ when B = lOBe and, for such values of B, the lightest quark provides the main contribution to 
the vacuum part of the effective lagrangian , which can be written as 



f 



w 



2{eB)^ 
l,2157r2 



eB 



(82) 



where TOu is the u-quark mass. In this scenario, the thermal and density corrections to the effective lagrangian might 
be much larger than the vacuum part. For example, in the case of a CP-symmetric plasma with eB 3> and 
eB ^ ml, only the lowest Landau levels contributes to £^ and I use Equation l[54)) to write 



eB 
2^ 



dk 







where We 
yields 



An accurate analytical and numerical evaluation of the integral appearing in Equation 



(83) 



dk 



We 



12 ^ 



1 



rp2 ( / me I ] 

^ \ y T ~^ I 



)+lE-\] for T>m, 

^-mJT fQj. y < ™ 



(84) 



where is the Euler-Mascheroni constant. A numerical evaluation of using Equations (|83)) and (|84| shows that, 
for a CP-symmetric plasma with B ^ lOPe, the thermal correction given by Equation ()83p is larger than the vacuum 
part of the effective lagrangian of Equation ((5^ for T > me/6 and, for T = me, I find that the thermal correction 
dominates with £j ~ 50£''. 

It is also interesting to investigate the case of a finite density medium where /Ze is the electron chemical potential. 



For a finite density medium with strong magnetic field eP ^ m^ 
is fp{ijjf.) — S{ijJe)S{{'jJe — /^e) and I obtain from Equation (IMl) 



Me ~ "^e ^ ^ J the electron occupation number 



eB 
4^ 



Me 



mi In 



/ie + VmI- 



me 



(85) 



It is neither intuitive nor convenient to express in terms of the chemical potential, it is better to use the difference 
between the electron and positron number densities Ue — rig, which is related to /ie by 



9£| 



and therefore in a strong magnetic field it is given by 



eP 
2^ 



mt 



(86) 



(87) 



Using the last relation, I eliminate ^ from Equation (j85p and rewrite it in the more transparent way 
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where 

^^27r2i!^V^ (89) 
eBirie 

is a dimensionless parameter. I find that in a medium with magnetic field B ^ lOB^, temperature T <^ rrie and density 
p ~ 10^'^Kg/m'^ the finite density correction to the effective lagrangian obtained from Equation (|88|) . dominates over 
the vacuum part £^ ^ These conditions are believed to be common in neutron stars and magnetars. 

Next I investigate £^ + ' which is the thermal correction to the effective lagrangian from the W and the 

scalars, and compare it to the vacuum part £^ + J2s^^' '^^^^ magnetic field B <^ M^/e, where M is the 

W mass. In this limit, Equation (|71l) becomes 



dk 1 

(90) 



e 



where low — Vfc^ + M'^. Notice that the first term, independent of B, is the field independent thermal correction to 
the lagrangian and that the term with the sum over n of Equation ((7T|) is neglected because, for eB ^ M^, this term 
is proportional to {eB)^/M'^. After an accurate evaluation of the integrals appearing in Equation ([50]) I obtain 



,4 I I-I- - ^ T'^I' , ttTM^ for T > -M. 

dfc fc _ I 15 4^2 - V2 



g-M/T for T < ^ 

V2 



and 



dk 1 _ /2g + Hl"(4lT)+7i^-^] forT>yiOM 
e^-'- - 1 1 .f^ f 1 + i . /^') e-^VT for T < yiOM 



(91) 



(92) 



For eB <C Af^ the W and scalar contribution to the vacuum part of the effective lagrangian is obtained easily from 
Equation dTS]) 



and we see that, for 



M 

^ ^ 21n(M2/eB) ^^^^ 

or higher, the B-dependent term of Equation ([50)1 dominates over + X^s'^S: given by Equation (IMl) . On 
the other hand, the and scalars contribution becomes a significant part of the lagrangian only for T ^ M and 

Last I will investigate the implications of my results on the effective QED coupling in the medium. Due to the scale 
invariance of eB we can define an effective coupling constant from £^^^ as [13, El, [l3| 



1 



(95) 



e2(B,T,^) eBd{eB)' 

from which we obtain the effective electromagnetic fine structure constant a{B,T,fi) — e'^ {B , T , fi) / Att 

1 _1_ 1 djC' + C^) 
a{B,T,ii) ^ a aB dB 

In the limit when eB = 0,1 find that the effective coupling a{T, /i) = a{B = 0, T, /i) is given by 

1 1 2 v-^ ^ . rdk,^,, , 7 f°° dk 1 



(96) 
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with = Jk'^ + TO^. When T = 0, I find an effective coupling a(ji) — a(T — 0, /i) that is 



(98) 



where is the chemical potential of the fermion /. Clearly, in an electrically neutral medium at low temperature, 
the summation will be over e, m, and d only, since only their chemical potential will be relevant. 

In a CP-symmetric medium where the temperature is very high but still below the critical temperature of the 
Weinberg-Salam model, M > T ^ mi, where mt, is the mass of the b quark, I find the following behavior of the 
corresponding effective coupling a{T) = a(T, ^ ~ 0) 



a(T)~ a Stt ^'^f' ^\mf, J 9tt Jq wt e/^"' + 1 27r J„ ujw e^'^ 



dk 1 7 f°° dk 1 

T ' (99) 



where the sum is over all fermions except for the quark t and LUt — -^/fc^ + TOj . The value of the last integral appearing 
above is given by Equation (|92p and, after an accurate analytical and numerical evaluation, I find the value of the 
other integral 



dk 



_/-5[ln(f^)+7i.] forr>m,; 
T - ] ( 1 _ 1 m e-™*/T for T<mt. ^^""^ 

y Irnt \ 4 y mt J — 



Finally I investigate the behavior of oi{B) = a{T = 0, = 0, B) when eB — > and T = 0, /i = 0. Under these 
conditions, I obtain the following form of the W and scalar contribution to the vacuum effective lagrangian 



7 7 

- - - ln2- 12C'(-1) ) e^B'^ + 2eB{M'^ - eB) In 



/M2 


- eBY 




+ eB) 



(101) 



where a constant term proportional to M'' has been discarded and {—1) = —0.16541 is the derivative of the Riemann 
zeta function. Notice the logarithmic branch point in the last term at eB = M^, which indicates that the effective 
lagrangian picks up an imaginary part when eB > and confirms the well-known result [33l - l35| concerning the 
instability of the vacuum. Using Equation (|10ip . I find the following behavior of a{B) when eB — > Af^ 

1 1 x-^ o f eB\ 1 /M'^ + eB\ , , 



{B) a Stt^ Wf'/ 27r - eB 



where the summation is over all fermions with the exception of the quark t, whose contribution is negligible since it 
is heavier than the W. The contribution of the W and scalars to the effective coupling constant of Equation (|102p is 
the last term, with the logarithmic branch point at eB = M^. 



Appendix 

In this appendix I evaluate the Heisenberg-Euler vacuum effective lagrangian and the Weisskopf vacuum effective 
lagrangian of scalar QED in the case of strong magnetic field eB ^ m^. First I evaluate C'j, the vacuum effective 
lagrangian for spinor QED of Equation PO)) . I introduce a regulator to evaluate the integrals, change the variable of 
integration from s to z = eBs and write 

= - Imi Mj:l[/i(e,x) - hie,x)] , (A.l) 

where 

f°° dz 

Ii{e,x)= e-""[zcothz-l] , (A.2) 

Jo z 



dz 



(A.3) 
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and X = vr? jeB. When a; <C 1, I can take e ~ 1 inside the integral of Equation (IA.2I) . use the following series 
expansion of the hyperbolic cotangent 



coth z 



1 . >^ 1 
- + 2z> - — 



(A.4) 



and find 



I evaluate this integral and obtain 



1 



/i(6,x)=7r^-2C(2-e)s(|,l-|) , 



(A.5) 



(A.' 



where ({2 — e) is the Riemann zeta function and B (|, 1 — §) is the Euler beta function. I evaluate /2(e,a;) exactly 
and find 



/2(e,x) = -x-T(e), 



(A.7) 



where r(e) is the Euler gamma function. I insert into Equation (|A.ip the values of Ii and I2 that I have found, take 
the limit e — > and obtain 



1 



-ln(7ra;) + -7£;-^C'(2) 



(A., 



where 7^ = 0.5772 and C'(2) = —0.9375 is the first derivative of the Riemann zeta function. Finally, I can significantly 
simplify Equation (|A.8p using the interesting numerical fact [s^ that ^C'(2) — logTr — 7b— = —2.2918 = — ln6 — 
and write 



(eB) 



f 247r2 



In 



V6m2 J 2 



(A.9) 



I proceed in a similar way when calculating the Weisskopf effective lagrangian of scalar QED for eB ^ m^, where 
771 is the mass of the scalar field. While this result will not be used in this paper, I believe it is of some interest, 
considering the attention received by the Weisskopf effective lagrangian throughout the years. I start with Equation 
([67]) for £3 and, after introducing the regulator and changing the integration variable to z, I write 



£° = lim^^§^[/3(e,2;) + i/2(e,x)], 

c-i-O lOTT^ 2 



where l2{e,x) is given in Equation (jA.3P and 



dz 

^3 — e 



1 



- sinh z 

After setting e~^^ ~ 1 and using the following series expansion of the hyperbolic cosecant 

(-1)" 



sinh 



— = - + 2zy 

1 h 7 r ^ — ^ 



I evaluate /3(e,x) and obtain 



/3(e, a:) = 7r-^(2-^ - 1)C(2 - 6)5 ( -, 1 - - 



(A.IO) 



(A.ll) 



(A.12) 



(A.13) 



After inserting this value of /3(e, x) and the value of /2(e, x) obtained previously inside Equation (jA.lOp . I take e 
and find 



{eBf 
167r2 







-iln 




6 





1 1 

6 TT^ 



(A.14) 
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which, using the aforementioned interesting numerical fact, I rewrite as 



{eB) 



2 r 




) 



1 



967r2 



In 



2 



(A.15) 
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